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1. INTRODUCTION 
Let (R, n) be a regular local ring and let I be a proper ideal in R. The 
order of I is defined to be ord,(Z) = max{ It I ZC tP>. It is clear that for 
f En"--n"+l the Samuel multiplicity of R/fR is e(R/fR) = ord(fR) = n. In 
this paper we give sufficient conditions on RJI and I so that the converse 
is true; more precisely: we describe three situations where e(R/Z) = 
ord,(Z) = n implies I= fR for some f E n” - n”+ ‘. In the first situation we 
consider-following an idea of Ikeda-Buchsbaum rings R/Z. The second 
situation is based-in a more general frame-on the equimultiplicity of I. 
In the third situation we discuss the case of a graded polynomial ring R 
over an algebraically closed field , and a homogeneous ideal ZC R. Here 
the methods of the proof were outlined by S. Ikeda and influenced by 
J. L. Vicente. 
In the light of these results we ask the following question: Is it true that 
if R/I satisfies Serre’s condition (S,), then R/I is a hypersurface if and only 
if e(R/Z) = ord,(l)? This question seems to be open even in the special case 
that R/I is a domain satisfying (S,) with dim(R/I) > 2 and e(R/Z) = 
ord( I) = 2. 
*We thank the referee for his detailed suggestions and improvements. In particular the 
proof of Theorem 2.2 is due to him. 
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The above statement is not true if we omit the condition (S,). This can 
be demonstrated by the following two examples. 
EXAMPLE 1.1. Let A = k[ [s2, s3, st, t]], where k is a field and s, t are 
indeterminates over k. Writing A as a quotient R/Z of the power series ring 
R = k[ [X,, X2, X,, X,]], we get e(R/Z) = ord,(Z) = 2. Here A satisfies (S,), 
but not (S,), so A is not a hypersurface. 
EXAMPLE 1.2. Let R = k[ [X, , . . . . X,,] 1, where n > 3, k a field, and the 
X, indeterminates over k. Let Z= (X,, X,) n (X3, X,) n . . . n (X2,-, , A’,,). 
Put A = R/Z= k[ [x,, . . . . x,,]]. Then e(A) = ord(Z) =n, and dim A = 
2n-2 > 3. Note that depth(A)b2, but A does not satisfy (A’,) since 
P= (Xl, x2, x3, x4) c A has ht,(p) = 2, whereas depth A, = 1. So A is not 
even a Buchsbaum ring. 
The last example also shows that, for any n 2 2, there exists an unmixed 
homogeneous ideal Z in a power series ring over a field k such that 
n = ord(Z) = e(R/Z), but R/Z does not satisfy (S,). 
2. BUCHSBAUM IDEALS 
Let (R, n) be a regular local ring with the infinite residue class field. Let 
Z be an ideal of R such that (0) # Zc n2 and put 
v=dim R 
n = ord,(Z) 
A = R/Z, d = dim A, e=e(A) 
pR(Z) = least number of generators of I. 
We choose X, , X2, . . . . X,Ensothata,=XimodZ(16idd)formareduc- 
tion of the maximal ideal m of A. Let 
Q = (X,, . ..> X,)R 
and 
Qi = (X,, . . . . 8,, . . . . X,) R for l<i<d. 
We need the following lemma. 
LEMMA 2.1. Suppose that A is Cohen-Macaulay. Then p,J I) = 1 if e < n. 
ProoJ: Since A is Cohen-Macaulay we know that e(A) = 
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eLMal, . . . . a,)A). Therefore passing to the rings R/Q and A/(a,, . . . . ad)A, 
we may assume that dim A = 0. Because R 2 n 2 n2 3 . . . 3 n” I Z, we find 
e=/,(A)>l+u+(n-2)=u+n-1. 
Hence u = 1 since e < n by assumption. Thus pLR(Z) = 1. 
THEOREM 2.2. Suppose that A is a Buchsbaum ring of d = dim A b 1. 
Then 
( 
u-d+n-2 
eb 
) v-d . 
Hence if e < n and n > 3 and if depth A > 1, A is a hypersurface. 
Proof. As A is Buchsbaum, we have 
e(A) = e(A/(a,, . . . . ad- 1 )A) = dad; Ma,, . . . . ad- ,)A) 
= e(a,; A/(a,, . . . . ad- I): ud). 
Hence [G2] we get-since A/(0,, . . . . ad-r): ad) is Cohen-Macaulay- 
i.e., 
e=I,(A/(al, . . . . ad- 1): a,+ a,A), 
e= l,(R/((Z+ Qd): Xd+XdR). 
Claim. (Z+Q,): XdcQd+nnpl. In fact, let f ER such that 
XdfEZ+Qd. Then X,f+gEn” for some gEQd. As Qnd=Qn’-‘, we 
get XJf -f’)EQd with f’~n”- ‘. Hence f E Qd+ nn-‘, which proves the 
claim. 
By this claim we see 
(Z+Q,):Xd+XdRcQ+nnP’ 
and so 
e>l,JR/Q+rF’)= 
v-d+n-2 
> v-d ’ 
Now we consider the second assertion. By the lemma it is enough to show 
that A is Cohen-Macaulay. Assume the contrary. Then d 3 2. We also have 
v - d 2 2 (note that I is unmixed since A is Buchsbaum with depth A 2 1). 
Therefore the inequality 
u-d+n-2 
n>e> 
v-d > 
> (u - d)(n - 2) > 2(n - 2) 
forces that n=e=3 and v-d=2. 
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Now recall the equality [Gl] 
d-1 d-1 
e<3=1+ c 
( > 
i _ 1 1AHL(A 1) + lAm/K), 
i= I 
(2) 
where K= C:‘=, QiA : ai. Then as QiA : a,c QA + m* for all i (1~ i < d) by 
the above claim, we have I,(m/K) > I,(m/m* + QA) = u-da 2. Thus 
Hi(A) = (0) for i # d; i.e., A is Cohen-Macaulay. This is a contradiction. 
Remark 2.3. The assumption n > 3 is necessary in the statement of the 
theorem, as the following example shows: Take R = k[ [X,, X,, X,, X,]], 
where the Xi are indeterminates over the field k. Consider 
I= (X, , X2) A (X,, X,) which has ord,(Z) = 2. A = R/Z is a Buchsbaum ring 
with e(A) = 2, but I is not principal. 
The following corollary of Theorem 2.2 motivates Theorem 4.1 and 
justifies our question in Section 1. 
COROLLARY 2.4. Let A be a Buchsbaum ring satisfying (S,). Then A is 
a hypersurface tf and only zf e( A) = n. 
Proof We only need to consider the case d> 3 and e = n = 2. From the 
equality (2) we conclude that H;(A) = (0) for if d, i.e. , A is Cohen 
Macaulay, and therefore a hypersurface by Lemma 2.1. 
3. EQUIMULTIPLE IDEALS 
THEOREM 3.1. (a) Let (R, n) be a Cohen-Macaulay local ring with the 
infinite residue class field. Let I ( #R) be an ideal of R and assume that 
ht,(Z) = /I(Z) (the analytic spread) (1) 
lRp(Rpl&J = e(IR,) .for all p E Assh.( R/I). (2) 
Then I is generated by an R-regular sequence. 
(b) Zf in particular R is regular and if in addition to (1) and (2) we 
have 
e( R/Z) = ord,(Z) B 2, (3) 
then R/I is a hypersurface. 
Proof: (a) Let h = ht,(l) and choose a minimal reduction J of I. Then 
,uLR(J)=h and fi=JJ, h ence J is generated by an R-regular sequence of 
length h. We claim that I= J. Assume that I# J and take PE Ass,(l/J). 
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Then as p E Ass,(R/J), we get p E Assh,(R/I), and so lRp(R,,/IR,) = e(ZR,) 
by assumption (2). Therefore ZR, is a parameter ideal of the Cohen- 
Macaulay local ring R,. Hence we get IR, = JR,, since JR, is a reduction 
of the parameter ideal ZR,. This is the required contradiction. 
(b) This follows immediately from Lemma 2.1, since R/Z is Cohen- 
Macaulay by step (a). 
4. GRADED POLYNOMIAL RINGS 
Let R = k[X,, . . . . X,] be a homogeneous graded polynomial ring over an 
algebraically closed field k. Let A4 be the maximal homogeneous ideal of R. 
For a homogeneous ideal I= @ n2O I,, of R we define e(R/I) = e(R,IIR,) 
and ord(Z) = min{n 1 Z, #O}. Since ord(Z) = ord(lR,), the condition 
e(R/Z) = ord(Z) is equivalent to the condition e(R,/ZR,) = ord(ZR,) for 
the local ring R,. 
THEOREM 4.1. Let I be a homogeneous ideal in R with e( R/Z) = 
ord(Z) =: n 3 1. Assume that R/I satisfies (S,). Then R/I is a hypersurface. 
Proof Since R/I is catenarian and satisfies (S,), I is unmixed by [Gr, 
5.10.93. We may assume that X,, . . . . X, is a homogeneous system of 
parameters mod I. Put S = k[X,, . . . . X,]. Then A = R/I is a finite S-module 
and e(R/I) = ranks,(A), s [Hu]. We want to show that u = dim R = d+ 1, 
where d = dim A. 
Case 1. R/I is not a domain. Assume that v > d + 2. Put Y = X,, , and 
z=xd+2. We consider the following rings 
B= k[X,, . . . . X,, Y]/Zn k[X,, . . . . X,, Y] 
C= k[X,, . . . . X,, Z]/Zn k[X,, . . . . X,, Z]. 
It is well known that any unmixed ideal J in a polynomial ring over a field 
k with ord(J) = n > 0 has a quotient ring R/J with e(R/J) b 11. Therefore we 
have e(B) = e(C) = n. Hence, regarding the multiplicities e(B), e(C) and 
e(A) as the S-ranks of k[X,, . . . . X,, Y], k[X,, . . . . X,, Z] and R, respec- 
tively, we see 
A 0s Q(s) = BO, Q(s) = COs Q(s), (*I 
where Q(S) is the quotient field of S = k[X,, . . . . X,]. Let P be a minimal 
prime of ZcR. Since a,=k[X ,,..., X,, YInland a,=k[X, ,..., X,, Z]nl 
are unmixed homogeneous ideals of height 1, we get 
P n k[ X, , . . . . xc,, Yl =f(Y).kCX,, . ..> x,, Yl 
481,132’1-9 
128 HERRMANN AND IKEDA 
and 
P n k[X,) . ..) x,2 -a = i?(Z) ‘M-X, I . . . . x,, Zl, 
where 
J‘(Y)= Y’+a, Y’-‘+ ... +a, 
g(Z)=Z”+h,Z”‘-‘+ ... +h, 
with m, r < n = ord(Z), since R/I is not a domain but I is unmixed. Since 
g(Z) mod I is in C, we conclude from (*) that there is a non-zero element 
s E S such that 
s.g(z)=c,Y’+c,&, Y’-‘+ ..’ +c, mod I (**I 
for some cj E S and i = 0, . . . . 1. Taking the isomorphism 
@LX, , . . . . x,, zl/In kCX,, . . . . xc,, Zl) 0s Q(s) = RI~Os Q(s) 
modulo P, we get via (* * ) (up to isomorphism) 
RIP@, Q(S) = WCX,, . . . . Xc,, Zl/P n RCX,, . . . . x,, z]) as Q(s) 
=Q(S)CZl/s.g(Z).Q(S)[Z] 
= Q(W Yll(c, y’+ ... + cc,) Q(S,[ Yl, 
i.e.. I = m = r. Then we have 
c,Y”+ .” +c,EPnS[Y]=f(Y).S[Y]. 
Hence for some homogeneous element t E S, t # 0, we get 
s.g(Z)=t.f(Y) mod Z, 
where deg s = deg t. Note that every non-zero homogeneous element of S is 
a non-zero divisor on R/Z. Therefore we may assume that s and t have no 
common divisor. If deg S= deg t = 0, the element s . g(Z) - t .f( Y) is of 
degree m < n in Z, which contradicts to ord(Z) = n. If deg s = deg t > 0, then 
the images of s and t mod Z form a regular sequence in R/Z (since R/Z 
satisfies (S,)), hence f( Y) = s . h mod Z for some h E R. But this gives again 
an element of degree m < n in I. Therefore we have u = dim R = d + 1 in 
Case 1. 
Case 2. R/Z is a domain. Put R/Z= k[x,, . . . . x,]. Since k is algebraically 
closed we may assume by [A, 12.2.11 that x, , . . . . x,, , generate a prime 
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ideal p E k[x,, . . . . x,] with ht(p)=d-1. For D=k[x,,...,x,~,]cR/Zwe 
get by [A, 12.3.41, (2), and (3): 
e(D) = e(R/Z) if dimD$d, (1) 
e(D) < e(R/Z) if dim D = d. (2) 
Since D = k[X,, . . . . X,_ 1]/q with q c Z prime and ord(q) > ord(Z) = n, we 
know that e(D) > n = e(R/Z). Therefore (2) cannot occur. So we have 
dim D cd; i.e., x, is algebraically independent over D. Moreover we have 
ord(q) = ord(Z) = n. Therefore we can use indution on o since the assertion 
is clear for u = 3. 
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